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• APX-complete
• 0.878-approx
• 0.941-inapprox

[Papadimitriou-Yannakakis JCSS’01]
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What mathematical structure explains this?

  PTAS for sparse
 [Grohe Comb’03,

Demaine et al. FOCS’05]

  PTAS for dense
 [Arora et al. STOC’95,

Frieze & Kannan FOCS’96]

  PTIME for planar
 [Hadlock SICOMP’75]
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• PTAS for general sparse general-valued CSPs

[RWŽ SODA’21, JACM’23]

[MWŽ LICS’21, ACM TALG’23]

• Pliability and approximating MaxCSPs
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MaxCSP(-, B)

• MaxCSP(-, H)  PTIME or NP-complete∈
• MaxCSP(-, B)  PTIME or NP-complete∈
• Basic SDP optimal for MaxCSP(-, B), under UGC

[Jonsson-Krokhin JCSS’07]

[Thapper-Ž. JACM’16]
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• MaxCSP( , -)  PTIME 𝒜 ∈
  if tw(vcore( )) bounded, and  PTIME otherwise𝒜 ∉
• MaxCSP( , -)  APX for monotone  of bounded avg deg,𝒜𝒢 ∈ 𝒢
  Gap-ETH-hard if avg deg ≥ nδ

[Carbonnel-Romero-Ž. SICOMP’22]
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-approx in time (1 ± ε) nf(1/ε)
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,  with , A B A ∈ 𝒜 ε > 0

 with h : A → B val(h) ≥ (1 − ε)opt(A, B)
( |A | + |B | ) f(1/ε)

 with v v ≥ (1 − ε)opt(A, B)

Input:

Output:

Time:

Which  give rise to a PTAS for MaxCSP( , -)?𝒜 𝒜
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“uniformly close to structures of bounded treewidth’’

 treewidth-pliable if  𝒜 ∀ε > 0∃k ∈ ℕ∀A ∈ 𝒜∃A′ 

• 
• opt opt  for all 

tw(A′ ) ≤ k
(A′ , B) ≥ (1 − ε) (A, B) B

18

(U; R1, …, Rk)  with (U; {{uv} ∣ ∃i∃t ∈ Ri u, v ∈ Ri})
Gaifman



Thm:  Let  be a set of -valued structures that is 
treewidth-pliable. Then, MaxCSP( , -) admits a PTAS.

𝒜 ℚ≥0
𝒜

Tw-Pliability  PTAS⇒

19



Thm:  Let  be a set of -valued structures that is 
treewidth-pliable. Then, MaxCSP( , -) admits a PTAS.

𝒜 ℚ≥0
𝒜

Tw-Pliability  PTAS⇒

19

• -th level of Sherali-Adams LPf(1/ε)



Thm:  Let  be a set of -valued structures that is 
treewidth-pliable. Then, MaxCSP( , -) admits a PTAS.

𝒜 ℚ≥0
𝒜

Tw-Pliability  PTAS⇒

19

• -th level of Sherali-Adams LPf(1/ε)
• optimal solution cannot be computed efficiently



Thm:  Let  be a set of -valued structures that is 
treewidth-pliable. Then, MaxCSP( , -) admits a PTAS.

𝒜 ℚ≥0
𝒜

Tw-Pliability  PTAS⇒

19

• -th level of Sherali-Adams LPf(1/ε)
• optimal solution cannot be computed efficiently
• bounded tw structure  cannot be computed efficientlyA′ 



Thm:  Let  be a set of -valued structures that is 
treewidth-pliable. Then, MaxCSP( , -) admits a PTAS.

𝒜 ℚ≥0
𝒜

Tw-Pliability  PTAS⇒

19

• -th level of Sherali-Adams LPf(1/ε)
• optimal solution cannot be computed efficiently
• bounded tw structure  cannot be computed efficientlyA′ 

dopt(A, A′ ) = infε[∀B ∣ MaxCSP(A, B) = (1 ± ε)MaxCSP(A′ , B)]
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• colour BFS layers mod ⌈1/ε⌉
• some colour hits OPT at most -timesε
• try each colour, remove it,
  intervals of  bounded tw⌈1/ε⌉ − 1

• minor-free classes 
[Grohe Comb’03, Demaine et al. FOCS’05]

[DeVos et al. JCTB’04]• tw-fragility

[Dvořák EJC’16]• fr-tw-fragility
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• d-dimensional variants of geometric classes
• classes of polynomial growth
• bounded degree with strongly linear separators

 fr-tw-fragile if  distribution on 
with, , 

𝒢 ∀ε > 0∃k ∈ ℕ∀G ∈ 𝒢∃
{X ⊆ V(G) ∣ tw(G − X) ≤ k} ∀v Prob[v ∈ X] ≤ ε

no efficient fr-tw-fr

21
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-fraction of edges yields a graph with cc of size 
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• unbounded girth and avg deg ≥ 2 + δ
• orientations of unbounded avg deg graphs

• bipartite
• sublinear edge edits
•  edges with 

• 3-colourable with every edge in one triangle

cn2 c > 0
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• Gap-ETH-hardness for tournaments

• hardness of non-degenerate ?𝒢
• hardness of 3-regular high girth ? 𝒢
• hardness of  containing expanders?𝒢
• Sherali-Adams gaps?

• O(1)-approx
• weak hyperfiniteness
• EPTAS (via random samples) 

[Felix Reidl]

Conj:  MaxCSP( ,-) admits a PTAS iff  is fr-tw-fr.𝒜𝒢 𝒢
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• PTAS for general sparse general-valued CSPs

[RWŽ]

[MWŽ]

• Pliability and approximating MaxCSPs𝒢′ = {G ∪ Pn ∣ G ∈ 𝒢, n = mis(G)}
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[Kozik-Ochremiak ICALP’15 + Kolmogorov et al. SICOMP’17]

• VCSP(-, B)  PTIME or NP-complete∈
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PTAS for MaxVCSP( , B)𝒜𝒢

•  is fr-tw-fragile
• B contains bottom label 

𝒢
b⊥

•  Max-IS: domain  with {0,1} b⊥ = 0
•  Max-3-Col-Subgraph: domain , , , {r g b b⊥}

 feasible then so is (b1, …, br) (b⊥, b2, …, b⊥, br)

29

[Dvořák EJC’16]

[Kumer et al.. SODA’11]
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[Brightwell-Winkler JCTB’00]

[Dvořák SODA’20]•  is efficiently Baker
•  is diagonalisable

𝒢
B

•  total order on the domain of B
• induced partial order on tuples such that
•   and  then x ≤ y R(x) = 0 R(y) = 0
•   and  then x ≤ y R(x) < ∞ R(y) < ∞

•  Min-VC: domain  with {0,1} 0 ≤ 1

Min-VC on fr-tw-fr?
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• Gap-ETH-hardness for tournaments

• hardness of non-degenerate ?
• hardness of 3-regular high girth ? 
• hardness of  containing expanders?
• Sherali-Adams gaps?

• O(1)-approx
• weak hyperfiniteness
• EPTAS (via random samples) 
• twin-width

𝒢
𝒢

𝒢

[Felix Reidl]

Conj:  MaxCSP( ,-) admits a PTAS iff  is fr-tw-fr.𝒜𝒢 𝒢


